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1 Introduction
Depending on mass and rotational frequency, gravity compresses the matter in the
core regions of neutron stars to densities that are several times higher than the density
of ordinary atomic nuclei [1, 2, 3, 4, 5, 6, 7, 8, 9]. At such huge densities atoms
themselves collapse, and atomic nuclei are squeezed so tightly together that new
particle states may appear and novel states of matter, foremost quark matter, may
be created. This feature makes neutron stars superb astrophysical laboratories for
a wide range of physical studies [1, 2, 3, 4, 6, 8, 10]. And with observational data
accumulating rapidly from both orbiting and ground based observatories spanning
the spectrum from X-rays to radio wavelengths, there has never been a more exiting
time than today to study neutron stars. The Hubble Space Telescope and X-ray
satellites such as Chandra and XMM-Newton in particular have proven especially
valuable. New astrophysical instruments such as the Five hundred meter Aperture
Spherical Telescope (FAST), the square kilometer Array (skA), Fermi Gamma-ray
Space Telescope (formerly GLAST), and possibly the International X-ray Observatory
(now Advanced Telescope for High ENergy Astrophysics, ATHENA) promise the
discovery of tens of thousands of new non-rotating and rotating neutron stars. The
latter are referred to as pulsars. This paper provides a short overview of the impact of
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rotation on the structure and composition of neutron stars. Observational properties,
which may help to shed light on the core composition of neutron stars–and, hence,
the properties of ultra-dense matter [11, 12]–are discussed.
2 Modeling of Rotating Neutron Stars
The structure equations of rotating neutron stars are based on a line element of the
form [2, 13, 14, 15, 16, 17, 18]
ds2 = −e2νdt2 + e2ψ(dφ− ωdt)2 + e2µdθ2 + e2λdr2 , (1)
where each metric function, ν, ψ, µ and λ, as well as the angular velocities of the
local inertial frames, ω, depend on the radial coordinate r and on the polar angle θ
and, implicitly, on the star’s angular velocity Ω. The metric functions and the frame
dragging frequency are to be computed from Einstein’s field equation,
Gαβ ≡ Rαβ −
1
2
Rgαβ = 8 π T αβ , (2)
where T αβ = T αβ(ǫ, P (ǫ)) denotes the energy momentum tensor of the stellar mat-
ter whose equation of state is given by P (ǫ). No simple stability criteria are known
for rapidly rotating stellar configurations in general relativity. However, an abso-
lute limit on rapid rotation is set by the onset of mass shedding from the equator
of a rotating star. The corresponding rotational frequency is known as the Kepler
frequency, ΩK. In classical mechanics, the expression for the Kepler frequency, deter-
mined by the equality between the centrifugal force and gravity, is readily obtained
as ΩK =
√
M/R3. Its general relativistic counterpart is given by [2, 13]
ΩK = ω +
ω,r
2ψ,r
+ eν−ψ
√
ν,r
ψ,r
+
( ω,r
2ψ,r
eψ−ν
)2
, (3)
which is to be evaluated self-consistently at the equator of a rotating neutron star.
The Kepler period follows from Eq. (3) as PK = 2π/ΩK. For typical neutron star
matter equations of state, the Kepler period obtained for 1.4M⊙ neutron stars is
around 1 ms (Fig. 1) [2, 5, 13, 14]. An exception to this are strange quark matter
stars. Since they are self-bound, they tend to possess smaller radii than conventional
neutron stars, which are bound by gravity only. Because of their smaller radii, strange
stars can withstand mass shedding from the equator down to periods of around 0.5 ms
[19, 20].
A mass increase of up to ∼ 20% is typical for rotation at ΩK. Because of rota-
tion, the equatorial radii increase by several kilometers, while the polar radii become
smaller by several kilometers. The ratio between both radii is around 2/3, except
2
0.4 0.8 1.2 1.6 2.0 2.4 2.8
1
2
3
4
 G
V
NL=0
 G
V
NL=0.05G
S
 G
V
NL=0.1G
S
 
 
Lo
g(
P
K
) [
m
s]
M/M
O
BS
ER
VE
D
PSR 
J1614-2230
Figure 1: Kepler period, PK, of a sequence of rotating neutron stars computed for
the NJL equation of state discussed in Section 4. The colored solid dots denote the
termination point of each stellar sequence, which depends on the stiffness (i.e. GNLV
value) of the equation of state.
for rotation close to the Kepler frequency. The most rapidly rotating, currently
known neutron star is pulsar PSR J1748-2446ad, which rotates at a period of 1.39 ms
(719 Hz) [21], well below the Kepler frequency for most neutron star equations of
state. Examples of other rapidly rotating neutron stars are PSRs B1937+21 [22] and
B1957+20 [23], whose rotational periods are 1.58 ms (633 Hz) and 1.61 ms (621 Hz),
respectively.
The density change in the core of a neutron star whose frequency varies from
0 ≤ Ω ≤ ΩK can be as large as 60% [2, 5]. This suggests that rotation may drive
phase transitions or cause significant compositional changes of the matter in the cores
of neutron stars. Examples of the latter are shown in Figs. 2 and 3, which illustrate
rotation-driven changes in the hyperon compositions of neutron stars. Qualitatively
similar restructuring effects are obtained if neutron stars should contain deconfined
quark matter in their cores [1, 2, 5]. Quantitatively, however, there may be a striking
difference if quark matter is present, which could lead to a “backbending” of pulsars
[24]. In the latter case, quark deconfinement may register itself in the braking index
n, which could be somewhere between −∞ < n < +∞ rather than n ≈ 3, as well
as in the spin-ups of isolated pulsars, which could last from tens of thousands to
hundreds of thousands of years [5, 24].
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Figure 2: Composition of a rotating neutron star in equatorial direction (left panel)
and polar direction (right panel) [2, 25]. The star’s mass at zero rotation is 1.40M⊙.
3 Core Composition of Rotating Neutron Stars
The hadronic phase inside of neutron stars may be described in the framework of
non-linear relativistic nuclear field theory [1, 2], where baryons (neutrons, protons,
hyperons) interact via the exchange of scalar, vector and isovector mesons (σ, ω, ~ρ,
respectively). The Lagrangian of the theory is given by
L =
∑
B=n,p,Λ,Σ,Ξ
ψB[γµ(i∂
µ − gωω
µ − gρ~ρ
µ)− (mN − gσσ)]ψB +
1
2
(∂µσ∂
µσ −m2σσ
2)
−
1
3
bσmN (gσσ)
3 −
1
4
cσ(gσσ)
4 −
1
4
ωµνω
µν +
1
2
m2ω ωµω
µ +
1
2
m2ρ ~ρµ · ~ρ
µ (4)
−
1
4
~ρµν~ρ
µν +
∑
λ=e−,µ−
ψλ(iγµ∂
µ −mλ)ψλ ,
where B sums all baryon states which become populated in neutron star matter [1, 2].
The quantities gρ, gσ, and gω are the meson-baryon coupling constants. Non-linear σ-
meson self-interactions are taken into account in Eq. (4) via the terms proportional to
bσ and cσ. The equations of motion for the baryon and meson field equations, which
follow from Eq. (4), can be solved using the relativistic mean-field approximation,
where the meson fields are approximated by their respective mean-field values σ ≡ 〈σ〉,
ω ≡ 〈ω〉, and ρ03 ≡ 〈ρ03〉 [1, 2]. The parameters of the model are adjusted to
the properties of nuclear matter at saturation density. Figures 2 and 3 show the
compositions of rotating neutron stars based on the Lagrangian of Eq. (4). One sees
that, depending on the mass of a neutron, certain hyperon species may not be present
at high neutron star rotation rates.
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Figure 3: Same as Figure 2, but for a non-rotating stellar mass of 1.70M⊙ [2, 26].
4 Quark Matter in the Cores of Neutron Stars
Whether or not quark matter exists in the cores of neutron stars is an open issue.
The observation of neutron stars with masses of up to around 2M⊙ does not yet
rule out quark matter [27, 28]. To model quark deconfinement, one may start from
the Euclidean effective action associated with the nonlocal SU(3) quark model (for
details, see [28] and references therein),
SE =
∫
d4x {ψ(x) [−iγµ∂µ + mˆ]ψ(x)−
Gs
2
[
jSa (x) j
S
a (x) + j
P
a (x) j
P
a (x)
]
−
H
4
Tabc
[
jSa (x)j
S
b (x)j
S
c (x)− 3 j
S
a (x)j
P
b (x)j
P
c (x)
]
−
GNLV
2
jµV,f(x)j
µ
V,f (x) , (5)
where ψ is a chiral U(3) vector that includes the light quark fields, ψ ≡ (u d s)T , and
mˆ = diag(mu, md, ms) stands for the current quark mass matrix. For simplicity we
consider the isospin symmetry limit so that mu = md = m. The fermion kinetic term
includes the covariant derivative Dµ ≡ ∂µ− iAµ, where Aµ are color gauge fields, and
the operator γµ∂µ in Euclidean space is defined as ~γ · ~∇ + γ4
∂
∂τ
, with γ4 = iγ0. The
currents jS,Pa (x) and j
µ
V,f(x) are defined in [28]. Using the mean-field approximation,
one obtains from Eq. (5) the grand canonical potential
ΩNL(T = 0, µf) = −
Nc
π3
∑
f=u,d,s
∫
∞
0
dp0
∫
∞
0
dp ln
{[
ω2f +M
2
f (ω
2
f)
] 1
ω2f +m
2
f
}
−
Nc
π2
∑
f=u,d,s
∫ √µ˜2
f
−m2
f
0
dp p2 [ (µ˜f − Ef) θ(µ˜f −mf) ]
−
1
2
 ∑
f=u,d,s
(σf Sf +
Gs
2
S
2
f ) +
H
2
Su Sd Ss
− ∑
f=u,d,s
̟2V,f
4GNLV
, (6)
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Figure 4: Equation of state (left panel) and associated quark-lepton composition
(right panel) computed for GNLV = 0.
where Nc = 3, Ef =
√
~p 2 +m2f , and ω
2
f = ( p0 + i µf )
2 + ~p 2. The masses of free
quarks are denoted by mf , where f = u, d, s. The momentum-dependent constituent
quark masses Mf depend explicitly on the quark mean fields σf , Mf (ω
2
f) = mf +
σf g(ω
2
f), where g(ω
2) denotes the Fourier transform of the form factor g˜(z). For a
Gaussian form factor one has g(ω2) = exp (−ω2/Λ2), where Λ plays a role for the
stiffness of the chiral transition. This parameter, together with the current quark
mass m of up and down quarks and the coupling constants Gs and H in Eq. (6),
have been fitted to the pion decay constant, fpi, and meson masses mpi, mη, and
mη′ [28]. The result of this fit is m = 6.2 MeV, Λ = 706.0 MeV, GsΛ
2 = 15.04,
HΛ5 = −337.71. The strange quark current mass is treated as a free parameter and
was set to ms = 140.7 MeV. Using these parametrizations, the fields σf and ̟V,f can
be determined by minimizing Eq. (6), ∂ΩNL/∂σf = ∂Ω
NL/∂̟V,f = 0. The strength
of the vector interaction GV is usually expressed in terms of the strong coupling
constant Gs. To account for the uncertainty in the theoretical predictions for the
ratio GV /Gs, the vector coupling constant may be treated as a free parameter which
varies from 0 to 0.1Gs.
To model the mixed phase region of quarks and hadrons in neutron stars, we
use the Gibbs condition for phase equilibrium between hadronic (H) and quark (Q)
matter,
PH(µn, µe, {φ}) = PQ(µn, µe) , (7)
where PH and PQ denote the pressures of hadronic matter and quark matter, respec-
tively [29, 30]. The quantity {φ} in Eq. (7) stands collectively for the field variables
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(σ, ω, ρ) and Fermi momenta (kB, kλ) that characterize a solution to the equations
of confined hadronic matter (Sect. 3). We use the symbol χ ≡ VQ/V to denote the
volume proportion of quark matter, VQ, in the unknown volume V . By definition, χ
then varies between 0 and 1, depending on how much confined hadronic matter has
been converted to quark matter. Equation (7) is to be supplemented with the con-
ditions of global baryon charge conservation and global electric charge conservation.
The global conservation of baryon charge is expressed as [29, 30]
ρb = χ ρQ(µn, µe) + (1− χ) ρH(µn, µe, {φ}) , (8)
where ρQ and ρH denote the baryon number densities of the quark phase and hadronic
phase, respectively. The global neutrality of electric charge is given by [29, 30]
0 = χ qQ(µn, µe) + (1− χ) qH(µn, µe, {φ}) , (9)
with qQ and qH denoting the electric charge densities of the quark phase and hadronic
phase, respectively. We have chosen global rather than local electric charge neutrality.
Local NJL studies carried out for local electric charge neutrality have been reported
recently in Refs. [31, 32]. Figures 4 shows a model quark hadron composition and
its associated equation of state computed for the nonlocal NJL model. A model
composition for the mixed phase region is shown in Fig. 5. The inclusion of the quark
vector coupling contribution shifts the onset of the phase transition to higher densities,
and also narrows the width of the mixed quark-hadron phase, when compared to the
case GV = 0. The mixed phases range from 3.2− 8.2ρ0, 3.8− 8.5ρ0, and 4.5− 8.9ρ0
for vector coupling constants GV /Gs = 0, 0.05, 0.1, respectively. We note that there
is considerable theoretical uncertainty in the ratio of GV /Gs [33] since a rigorous
derivation of the effective couplings from QCD is not possible. Combining the ratios of
GV /Gs from the molecular instanton liquid model and from the Fierz transformation,
the value of GV /Gs is expected to be in the range 0 ≤ GV /Gs ≤ 0.5 [34]. For our
model, values of GV /Gs > 0.1 shift the onset of the quark-hadron phase transition
to such high densities that quark deconfinement can not longer occur in the cores of
neutron stars.
As shown in [28], the maximum neutron star masses increase from 1.87M⊙ for
GV = 0, to 2.00M⊙ for GV = 0.05Gs, to 2.07M⊙ for GV = 0.1Gs. The heavier stars
of all three stellar sequences contain mixed phases of quarks and hadrons in their
centers. The densities in these stars are however not high enough to generate pure
quark matter in the cores. Such matter forms only in neutron stars which are already
located on the gravitationally unstable branch of the mass-radius relationships. An-
other intriguing feature of this model is that neutron stars with canonical masses of
around 1.4 M⊙ do not posses a mixed phase of quarks and hadrons but are made
entirely of confined hadronic matter.
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Figure 5: Pressure, P (solid lines), baryon chemical potential, µb (dashed lines),
and electron chemical potential, µe (dotted lines) as a function of baryon number
density, ρ, in units of the normal nuclear matter density, ρ0 = 0.16 fm
−3. The
hatched areas denote the mixed phase regions where confined hadronic matter and
deconfined quark matter coexist. The solid dots indicate the central densities of the
associated maximum-mass stars, and χ is the respective fraction of quark matter
inside of them. The results are shown for three different values of the vector coupling
constant, ranging from 0, to 0.05 Gs, to 0.1 Gs. (Figure from Ref. [28].)
5 Thermal evolution of rotating neutron stars
The basic cooling features of a neutron star are easily grasped by considering the
energy conservation relation of the star in the Newtonian limit [35]. This equation is
given by
dEth/dt = CV dT/dt = −Lν − Lγ +H , (10)
where Eth is the thermal energy content of a neutron star, T its internal temperature,
and CV its total specific heat. The energy sinks are the total neutrino luminosity, Lν ,
and the surface photon luminosity, Lγ. The source term H includes all possible heat-
ing mechanisms [35], which, for instance, convert magnetic or rotational energy into
heat. The dominant contributions to CV come from the core whose constituents are
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leptons, baryons, boson condensates and possibly deconfined superconducting quarks.
When baryons and quarks become paired, their contribution to CV is strongly sup-
pressed at temperatures smaller than the critical temperatures associated with these
pairing phases. The crustal contribution is in principle dominated by the free neu-
trons in the inner stellar crust but, since these are extensively paired, practically only
the nuclear lattice and electrons contribute. Extensive baryon, and quark, pairing
can thus significantly reduce CV . In order to derive the general relativistic version
of Eq. (10) for rotating stars, one needs to solve Einstein’s field equations using the
metric of a rotationally deformed fluid defined in Eq. (1). The result is the following
parabolic differential equation,
∂tT˜ = −
1
Γ2
e2ν
ǫ
CV
− r sin θ Ueν+γ−ξ
1
CV
(
∂rΩ +
1
r
∂θΩ
)
+
1
r2 sin θ
1
Γ
e3ν−γ−2ξ
1
CV
(
∂r
(
r2κ sin θ eγ
(
∂rT˜ + Γ
2Ue−2ν+γ T˜ ∂rΩ
))
+
1
r2
∂θ
(
r2κ sin θ eγ
(
∂θT˜ + Γ
2Ue−2ν+γ T˜ ∂θΩ
)))
, (11)
with the definitions r sin θe−ν+γ = eφ, e−ν+ξ = eα−β and the Lorentz factor Γ ≡
(1 − U2)−1/2. This differential equation needs be solved numerically in combination
with a 2-dimensional general relativistic stellar rotation code. The latter is used
to determine the metric functions, frame dragging frequency, pressure and density
gradients, and particle composition of a deformed neutron star as a function of its
rotational frequency, 0 < Ω ≤ ΩK. Depending on the cooling channels that are active
at a given frequency, the numerical outcome of the rotation code serves as an input
for the thermal evolution code, which is used to determine the luminosity, and thus
the surface temperatures, of a deformed rotating neutron star. As mentioned in Sect.
3, because of stellar spin-down or spin-up, the density in the cores of rotating neutron
stars may change dramatically so that new cooling channels open up (or close) with
time. The changing cooling channels render the neutrino emissivities, heat capacities,
and thermal conductivities rotation dependent, which alters the thermal response of
the star, It is this response in the thermal behavior of rotating neutron stars that
carries information about the properties of the matter in the dense baryonic stellar
cores and possibly the deep crustal layers.
In passing we mention that the general relativistic equations of energy balance
and thermal energy transport of non-rotating stars are given by
∂(le2φ)
∂m
= −
1
ρ
√
1− 2m/r
(
ǫνe
2φ + cv
∂(Teφ)
∂t
)
, (12)
∂(Teφ)
∂m
= −
(leφ)
16π2r4κρ
√
1− 2m/r
, (13)
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respectively [2]. Here, r is the distance from the center of the star, m(r) is the mass,
ρ(r) is the energy density, T (r, t) is the temperature, l(r, t) is the luminosity, φ(r) is
the gravitational potential, ǫν(r, T ) is the neutrino emissivity, cv(r, T ) is the specific
heat, and κ(r, T ) is the thermal conductivity. The boundary conditions of Eqs. (12)
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Figure 6: Direct Urca (DU) process in rotating neutron stars of gravitational mass
M [36]. No stars are allowed above the curve labeled Kepler limit because of stellar
mass shedding. The vertical curves show evolutionary tracks of isolated rotating
neutron stars, whose baryon mass remain constant during spin-down. One sees that
for several stars evolving along these tracks the DU process (see text) is not allowed
at high rotation rates but becomes operative at lower rotation rates.
and (13) are determined by the luminosity at the stellar center and at the surface.
The luminosity vanishes at the stellar center since there is no heat flux there. At the
surface, the luminosity is defined by the relationship between the mantle temperature
and the temperature outside of the star. Equations (12) and (13) have been solved
numerically in [37] for hypothetical color-flavor-locked strange quark matter stars.
It was found that such stars may undergo a significant reheating because of the
magnetic recombination of rotational vortices, expelled from such stars during slow
stellar spin-down.
The full 2-dimensional cooling equations of rotating neutron stars were solved
recently in Ref. [38] for isolated rotating neutron stars. Driven by the loss of en-
ergy, such stars are gradually slowing down to lower frequencies, which increases the
tremendous compression of the matter inside of them. This increase in compression
changes both the global properties of rotating neutron stars as well as their hadronic
core compositions. Both effects may register themselves observationally in the ther-
mal evolution of such stars, as demonstrated in [36]. The rotation-driven particle
process considered there was the direct Urca (DU) process n → p + e− + νe which
10
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Figure 7: Cooling simulations reproducing the temperatures observed for the neutron
star in Cas A over a ten-year period. ∆M denotes the mass of the accreted envelope,
and Ω0/ΩK is the star’s birth frequency relative to the Kepler frequency. Superfluidity
and Pair-Breaking formation of nucleons is taken into account in the curve labeled
SF.
becomes operative in neutron stars if the number of protons in the stellar core ex-
ceeds a critical limit of around 11% to 15% [39]. The neutrino luminosity associated
with this reaction dominates over those of other neutrino emitting processes in the
core [35, 39]. It was found that neutron stars spinning down from moderately high
rotation rates of a few hundred Hertz may be creating just the right conditions where
the DU process becomes operative (Fig. 6), leading to an observable effect (enhanced
cooling) in the temperature evolution of such neutron stars. As it turned out (Fig.
7), the rotation-driven DU process could explain the unusual temperature evolution
observed for the neutron star in Cas A, provided the mass of this neutron star lies in
the range of 1.5 to 1.9 M⊙ and its rotational frequency at birth was between 40 (400
Hz) and 70% (800 Hz) of the Kepler (mass shedding) frequency, respectively [36].
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